Session 3649

A Simple Problem Which Sudents Can Solve and Check Using an
I nexpensive Calculator

Patrick J. Cronin
The Pennsylvania State Univer sity
New Kensington Campus

Abstract

This paper proposes a simple engineering structural analysis problem which can be used to
introduce lower division engineering or engineering technology students to the fundamentals of
the finite element analysis (FEA) method. Step by step the student sets up the matrix equation
which represents the system of simultaneous linear equations which is necessary to solve for the
unknown displacements at each of the nodes. They then solve this system of equations using a
numerical method which is efficient for large numbers of equations. All of this they do with an
inexpensive scientific calculator. Asthefinal step they calculate the stress in each structural
member.

1. Introduction

Finite element analysis (FEA) software can produce color stress contour plots representing the
stress at thousands of points within a machine part with dozens of forces applied. A student
studying stress analysis for the first time can beneficially be exposed to the terminology and
progression of calculations used to calculate the stresses in the elements of an FEA moddl.
Termsinvolved in FEA analysisinclude: nodes, local and global stiffness matrices, local and
global coordinate systems, forward reduction, and backward substitution. A moded which | have
used is atruss composed of three strut elements which form atriangle. Each strut hasasimple 4
x 4 local element stiffness matrix *. Thelocal x direction of each strut makes a non-zero angle
with the global X axis. Therefore, the local stiffness matrix of each strut must be transformed
into a global element stiffness matrix. The transformation is done using transformation matrices
based upon the angle between the local and global coordinate systems. All of these calculations
can be done using an inexpensive scientific calculator. The required data consists of: (1) the
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number of nodes and elements, (2) the (x,y) coordinates of each node, and (3) nodei, nodej,
area, and elastic modulus of each element. The student calculates. (1) thelocal and global
stiffness matrices of each element, (2) the global stiffness matrix of the structure, (3) the
displacement of each nodeinthe X and Y directions using the applied forces and boundary
conditions, and (4) the stressesin each element.

Some additional points are the following ones. Stress contours are not shown on truss element
FEA models. Often, small squares of red, blue, etc. colors (red representing the highest axial
stress) are shown in the middle of each truss element. Another point isthat | indicate to the
students that the calculations they will perform would also be done by a computer performing an
FEA analysis, but amuch larger set of finite elements, forces, displacements, and stresses would
beinvolved. One of the educational objectivesisto give the students a good understanding of
solving an engineering stress analysis problem which must be accomplished by setting up and
solving a large set of simultaneous linear equations (usually performed by a computer). The
calculations shown in this paper could be used as the basis of programming thistype of FEA
analysis.

2. Description of the Problem

An elevation view of the structure for which the stress analysis is to be performed is shown in
Figure 1. Itisaplanar truss structure. Thejoint constraints are shown in Figure 1, as are the
forces applied at the joints.

Figure 1. The structure for which a stress analysisis required.
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Each of the three truss members is made of steel. The modulus of easticity value which will be
used for the steel is 30 x 10° Ib/in®. The data for the three joints and membersisgivenin
Table 1.

Table 1. Datafor the structure joints and members.

Joint Eulb F. b
1 1,000 2,000
2 1,000 0
3 0 0
Member Length,in  Cross-section Area, in®
1 120 3.0
2 169.7 4.0
3 120 5.0

The geometry of the structure was chosen such that each of the truss members has a different
angle of inclination with the horizontal lines.

The goal of the exerciseisto calculate the tensile or compressive stress in each of the three truss
members using an FEA model of the truss with the given applied forces and joint constraints. A
scientific calculator isto be used. No stored algorithms such as simultaneous equation solvers
are to be used.

3. Solution of the Problem

The finite element model of the trussis shown in Figure 2. The global coordinate system for the
structure is also shown in the figure. The node number at which each element beginsand endsis
shown in Table 2. Thetruss element itself is depicted in Figure 3. The angle of inclination of
the glement with the global X axisisangle . The value of this angle can be between -180° and
180".

Table 2. The node at which each e ement begins and ends.

Element Nodei Node]
1 1 2
2 2 3
3 1 3

Each of the dement stiffness matrices can be written as

K= L el

where
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Nnode 3
element 2
Nnode

element 3
element 1

nocle 1

Figure 2. The FEA model of the structure to be analyzed.
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Figure 3. The pin-jointed bar (truss) element.
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and A=cos® and pu=sno.
For lement number 1
6 = 30°

and

K7 = 5.63E5 3.25E5
3.25E5 1.88E5

The units of the K” matrix numbers are Ib/in.
For element number 2,

0 = 165°
and

K] = [ 6.60E5 —1.7755]

-1.77ES5 4.74E4
For element number 3,
0 = 120°

and

K] =

3.13E5 -5.41E5
-541E5 9.38ES5

The assembled structure stiffness matrix becomes
K

K] - [[ 1[121}

Kyl [Ky]

where
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8.76E5 -2.16E5 -5.63E5
[K,] = |-216E5 113E6 -3.25E5
~563E5 —-3.25E5 12.23E5

[K12], [K21], and [K2,] are similar looking 3 x 3 matrices but will not be given here since they are
not needed to solve for the desired displacements at nodes 1 and 2.

The matrix equation for the entire structureis

[Ke] {u} = {F

where

[U]_x Uly Uoy 00 O]T

{u}
{F}

Forces Fix, Fiy, and Fo are the applied forces of 1,000 Ib, 2,000 Ib, and 1,000 b, respectively.
ForcesFoy . Fa, and Fs arethe three unknown reaction forces. Choleski’s method “ can be used
to solve for the unknown displacements uiy, Uay, and Uy

[Fix Fiy Fx Fy Fax Fsy]T

That matrix equation is

K] {u} = {F
where

[KI = [Ky]

{u} = [ux Uy ux]"

{F} = [FuFy R’

Choleski’s method is based upon
[K] = [L] [L]

where[L] isalower triangular matrix. The elements of the lower triangular matrix canbe
calculated as

lyy = kllllz = 9.36E2

|21 = k21 /|11 = -2.31E2
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(ko2 — 122%)Y? = 1.04E3

|22

k31/|11 = -6.01E2

I31

|32 (k32—|21 |31)/|22 = 4.96E2

( k33 - |312 - |32 2)1/2 = 7.85E2

|33

The equation for forward reduction is

Lv = F
0]
936E2 O 0 A 1000
- 2.31E2 1.04E3 O v, | = | 2000

-6.01E2 -4.96E2 7.85E2 A 3000

The solution to this matrix equation is relatively easily obtained as
vi = 107, v, = 216, v3 = 346

The equation for backward substitution is

L'u = v
o)
9.36E2 -231E2 -6.01E2 u, 1.07
0 1.04E3 —-4.96E2 u,| = (216
0 0 7.85E2 U, 3.46

The solution to this matrix equation can be obtained giving
up = 5.01E-3, u; = 4.18E-3, u3 = 4.41E-3
Therefore, the displacements at nodes 1 and 2 are

Ux = 5.01E-3inches, wu; = 4.18E-3inches

Uby 4. 41E-3 inches

The equation for the axial stress can be found ? to be

o = (EL) [ -u A p] [ux Uy Uz Uyl
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for the element between nodes 1 and 2. Therefore, the stressis calculated as

5.01E -3
4.18E -3
o = E6 1 0866 -5 866 5]
120 4.41E -3
0

oy = -652I1b/in?

Using the same approach for elements 2 and 3 leads to

Ox 753 Ib/in®  (element 2)

ox = -2791blin®> (element 3)
More exact stress values could be obtained by using a larger number of significant digitsin the
calculations.

4. Summary

A simple three element FEA problem has been shown. It is a problem which students can solve
without investing an overly burdensome amount of time and effort. It includes FEA procedures
similar the the ones which would be performed by a high speed computer solving a large FEA
problem. It gives the student an insight into what happens to the large amount of input data
which causes it to become the colored contour stress plots which are now the standard FEA
stress result presentations.
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