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Making the decision to solve a definite integrabetky or approximately can be a challenge for finste
Riemann integral learners. A conceptual cross gedbetween calculus and numerical methods/analysis
courses is approximation of definite integrals ttemtinot be determined exactly by using existinghoa.

The realization of a need for a numerical methaaligis concept after determining that the defimtegral
cannot be solved exactly is another conceptualeringe that students can face. In this study, eeging and
mathematics students’ decision to determine antexaapproximate solution to a definite integrall vaie
analyzed qualitatively and quantitatively. Partatipg students’ responses to the research queatien
analyzed and the collected information is evaludtedising the schema development idea of Piagal et
(1989). The research data consists of seventeeiorsendergraduate and graduate mathematics and
engineering students’ responses to a researchigu&gio were either enrolled or recently compldiiesl 1
week after course completion) a Numerical Methodsigsis course at a large Midwest university duing
particular semester in the United States. Missmgceptual knowledge of the participants is obsewkdn
they were incapable of determining the solutiotheproblem.

Key Words: Riemann integral, functions, derivative, triadssification, schema development.
Introduction

Engineering and mathematics undergraduate studéatsulus education during their first two yearsie

of the most important aspects, or maybe the mogbitant aspect, of a successful undergraduate educa
Calculus education of engineering and mathematigdests has drawn attention in recent years [Tokgdz
(2015), (2016), and (2012); Tokgbz and Gualpa (Z016is not only critical to observe and understa
cognitive approaches of students for solving Calswjuestions through research but it is also inapoitio
redevelop courses according to the lessons ledmoed the research observations. In calculus, stisden
initially learn practical methods to solve integealestions for a particular set of functions. Detieing the
definite integral of functions with non-existingaet solutions is taught after teaching practicathoés in
calculus courses. Deciding whether it is possiblddtermine the exact or approximate solution defaite
integral is covered in multi-disciplinary coursegls as calculus, numerical methods, and numerncysis
by departments in STEM fields. This Institutionadview Board (IRB) approved work is concerned with



graduate and senior undergraduate engineering atitematics students’ ability to solve an integrasjion
and determining the Calculus concepts that thégiaeiting students are lacking to solve the redequestion.
Decision making process on determining exact or@pmate solution to the research question is itigated
by collecting written and interview responses. iegrants’ responses to the research question

Q. Can you calculate the integrgil%dx? Would you prefer to find an approximate answettlics integral
or would you rather find the exact solution?

are analyzed qualitatively and quantitatively. Tgloout this work, written and interview responsesame
of the participants will be used for the qualitatanalysis. The quantitative work will be consigtaf schema
classification of the participants. Action-Proc&isject-Schema (APOS) introduced by Asiala et #96)
originated from Piaget et al. (1977) is initiallgresidered for evaluation of the participant respsn® the
research question, however Triad classificatiothefschema development in APOS theory is deterntmed
be a better method for the data evaluation. Ornleeohims of this paper is to investigate particigastudents’
decision making process on using numerical methedsus traditional integral calculus calculatiortsew a
definite integral question is considered to be sdlvThis investigation can help Professors to reldgv
courses who are teaching multidisciplinary topinsGomputer Science, Engineering, and Mathematics.
Another aim of this article is to understand thewmnstances under which students choose to appatian
definite integral.

Participants & Data Collection Procedure

A written questionnaire is given to seventearntipipants and all participants are interviewecdexplain
their written responses to the questionnaire. IRPBraved guidelines are followed and participants ar
compensated for their involvement to the reseafdte questionnaire questions covered single variable
calculus concepts such as functions, limits of fiems, function derivatives, Riemann integral, powseries
of functions, and programming preference of theéigpants. The questionnaire was given to the piadting
students outside the course environment under nekgga’ supervision. The participants of this stwalg
engineering and mathematics undergraduate and ajedtudents who either were enrolled in or regentl
completed a numerical methods or analysis couragarticular semester at a large Midwest universithe
United States. Pre- and post-interview respons#segfarticipants to an integral question are atefliin this
work. Post-interview results are designed to halwetéer understanding of the pre-interview (i.eitten)
responses of the participants. The answers ofttltests to the Riemann integral question are etedulay
considering the sub-concepts that take place isdhgion of the question.

In this and next sections literature relévarthe theory used for evaluating the resear@stpn will be
explained. Triad classification will be coveredtii® next section, which will be used for obsenstgdents’
ability to answer the research question. The resg®of participants are displayed for a better rgtdieding
of the qualitative and quantitative analysis of ttwdlected data. Participating students’ respornsethe
research question are evaluated by using the Tl@dification of the schema development idea.



The literature on students’ ability to determine Riemann integral of functions by using paper-peatution
is not extensive. Asiala et al. (1996) observedigpants’ difficulty to write a code for calculatg the integral
of functions for which students were asked to waiteode to approximate the integral by samplingsoi
Senior mathematics undergraduate and graduatensstdeak rate of change concept knowledge thattexs
in weak understanding of the integral concept seobed by Thompson (1994).

Schema Development

Clark et al. (1997) used Triad classificationinvestigating how first-year calculus studecasstruct the
chain rule concept. Authors initially attempted use the APOS theory and ended up using the schema
development idea introduced by Piaget et al. (1.98@idents are placed in the intra stage by Claak €1997)
if they knew some of the derivative rules and wadske to apply the chain rule but did not know tlationship
between these concepts, and participants took jaites inter stage if they had the ability to rgeze all
different cases and figure that they are relatadid®pants were assumed to be in the Trans stageyi were
able to construct and apply the chain rule.

Students' responses in this work are evaluatedsiog the following Triad classification:

Participants are classified to be in the Intrast@ghey doubt about the need of an approximatiethod to
solve the research question and considered integhation methods to solve the research problem.
Participants are classified to be in the Inter stighey recognized the need of an approximatiethed to
solve the research question but did not use a noahenethod.

Participants are classified to be in the Transesiéddhey are placed in the inter stage and sptithe
approximation method that they would use to cateullae integral.

Resear ch Question

All seventeen participants’ written and interviesgponses to the following research question arne&eal in
this work:

Q. Can you calculate the integrgilédx? Would you prefer to find an approximate answettlies integral
or would you rather find the exact solution?

One of the researchers interviewed the participantsinterviews are video recorded and transcrilyethe
main author of this article. The questionnaire. {ivatten) data collected prior to the interviews displayed
in the next section.



Written Responses

The written questionnaire responses of théents are collected prior to the completion eflumerical
methods/analysis course that participants werelledrdSix of the participants tried to use a tecjei to

determine the solution to the research questiondnyg either a numerical or an integration techaithat
they know. These students’ used either IntegrdijpRarts or series expansion of the integrand terchene

the numerical value of the given integral.
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Figure 6:Written response of RP 6

The rest of the participants did not try to calteifdne integral and only commented on whether kesaense

to approximate or determine an exact solution ¢oirtegral.
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Figure 11: Written response of RP 11
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Figure 8: Written responsdRéf 2
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Figure 4: Written response of RP 4

Triad classification of the written responses aseimplemented in this work because of insufficidatails
of the participant responses. Participants expththeir written questionnaire responses duringideo
recorded interviews and the next section is devttethese interview responses with the evaluatiothe
corresponding data.

Interview Responses

The majority of the transcribed interview responsekbe displayed in this section. The interviegugestions
are structured in a way to have a good understgnafirthe participants’ written responses. The witaw
guestions posed by the researcher varied dependitte written responses of the participating stigle



Interviewer: ...You are saying | don't think you calculate thigegral so | would prefer finding an
approximate answer. So how would you find an appnate answer? Do you remember any method, any
method you recall?

RP 1: | know that you can probably use Taylor serieagproximate this (pointing‘;—x.)... I'm sure there is

some a method you can use for integration but ttdemember on top of my head.
Interviewer: Where did you learn that method, do you recall?

RP 1. The Taylor series method?

Interviewer: No, just like to approximate that (pointing théeigral.)

RP 1: ...in Numerical Analysis course.

Interviewer: So here we havbe?dx and you say "l prefer to find an approximatevarsfor this integral

because this computation involves e and if we déparcomputer programs to find the integral, ihevitable
to deal with round off error so it is only worthfiad the approximate value." So is there any metiat you
would use to be able to calculate this or would yai type it in Matlab and the program will givewthe
answer?

RP 2: Yeah, | think you calculate this one (pointih%xdx) by hand. But if you have an e in your final,
generalized solution, something like this (writ&és €) you need to calculate e.
Interviewer: Is there any method you know to be able to caleutas (integral ex—xdx) by hand?

RP 2: Oh, okay maybe...

Interviewer: Do you recall any method? Or do you think it isgible to do it by hand?

RP 2: Maybe you can change this to. | don't remembergxact way to solve this by hand but | think thisre
some methods in the book.

Interviewer: There is another integral question héree:-. dx and you said "Not sure, | would rather find an

approximate solution." You are not sure about...?

RP 3: Whether or not this can be integrated. If this banntegrated then | can find exact solutiont'$f mot
able to then we can use Taylor methods, I'm talomerical Methods course so | would use some dort o
numerical way to find a close solution.

Interviewer: ... do you remember any method to be able to caketiés integral? Just the name of the method.
RP 3: | thought about using integration by parts.

Interviewer: Okay, now there is an integral question. Aﬁxd dx. Can you calculate this integral? Would you

prefer to find an approximate solution or precisieison? ...which method are you using here. Canbyaefly

tell me?

RP 4: 1 think | tried to integrate it by parts.

Interviewer: And did it work?

RP 4: ...no.

Interviewer: ... Is that the only method you know or could ¢hbe any other method you can use. Can you
actually determine that you cannot calculate thisgral by any method?



RP 4: | cannot remember.

Interviewer: And you said "No can't calculate it" Would youaahte it by using your calculator?

RP 4: I'd try.

Interviewer: So you would rather use the calculator | gueskigatoint...

RP 4: Yeah.

Interviewer: And would you prefer to approximate it by any neetlyou know or you learned in the numerical
methods course if you can't calculate it precisely?

RP 4: Yeah but | can't remember which method on top pyhead? Yeah, | can't remember right now.
Interviewer: Do you know which method your calculator uses?

RP 4: | have no idea.

Interviewer: Alright, let's move on to the next question.

RP 4: Probably a numerical method, | don't know...

Interviewer: And here you are calculating this function's imaad:ge; integral from point one to two's integral.

Can you briefly explain how you calculated or wgoe able to calculate it?
RP 5: Yeah, | first used this method.

Interviewer: ...What is that method?

RP 5: ... don't know the name. | don't know the namé of English so.
Interviewer: Integration by parts...

RP 5: | just failed to get the result.

Interviewer: Okay. And do you think you will be able to caldeldhis integral% by hand; does it look

possible?

RP 5: Yeah, this | know we can calculate the result.

Interviewer: If you wanted to use the computer program, or éikeethod, what would you use to be able to
approximate this integral?

RP 5: | would use Matlab.

Interviewer: Using Matlab. Do you remember any methods to eetalralculate this integral from Numerical
Methods course?

RP 5: | think | can plot this function (pointinge;) based on this interval (draws xy-coordinates draivs a

graph from 0.1 to 2) | can calculate the area ($iext the area of the region between the curvelheng-axis)
Interviewer: Okay, so will you be able to calculate the exaetar will you be able to calculate something
else? Would it be exact or approximate?

RP 5: Maybe it should not be exact value. Yeah, | ttsok

Interviewer: And here it says can you calculate the intefg%:édix? Would you prefer to find an approximate

answer for this integral or ... can you find the ebstution...?

RP 6: I'm not sure exact solution exists...At least | cotl figure out. | tried to find it using this (paing
fudv=uvdvdu ), whatever method it is called and | alwaysagoirreducible term that | couldn't integrate...I'm
not sure if there is an exact solution.



Interviewer: Okay. Would you use a calculator or would you ugpjess you would use a calculator based
on what you wrote there but would you considerimgita program in this case? No.

RP 6: No. Because with a calculator like the one | 03683, you can easily, you can easily sat it théres
easy to do, it is just a few key strokes there.

Interviewer: Okay. And how would you do that? What type of noetlvould you use if you would do it, if
you would calculate it?

RP 6: Oh, you can just define it in the window, | meas,a y equals, define your function. And then Isgue
graph, and then math and then | think it is integrasomething.

Interviewer: Okay.

RP 6: It gives you two bounds and you type in two bouand it pops out automatically.

Interviewer: Okay. So you do remember how to calculate it.

RP 6: Yeah.

Interviewer: Do you recall any way to determine whether you faaeh this definite integral? ...is it possible
to calculate this... You are saying that you canaggroximation here ... to be able to calculate thienv
you don't remember how to calculate it algebray€all

RP 7: 1t will be better.

Interviewer: ...which method would you use? ...Can you suggesesiung?

RP 7: I'm trying to think what we went over but my memds really bad whenever | try to recall one specif
thing.

Interviewer: So would you just look it up in the book and joalculate it.

RP 7: Yeah... | know it is continuous so it continuoyssta zero so. Trapezoid rule. There you go, trajgezo
method. Not the lower sum or upper sum. It is yeathinoying honestly. | can find another way to to i
automatically do the lower or upper. | guess masupremum, infimum. | guess those were the terms.
Interviewer: So you would use trapezoid rule?

RP 7: Yes.

Interviewer: ...Do you remember any details about the rule?...

RP 7: Just helps to write (starts writing 1/2). Doing trea so take the first point (continues writing

ex+Ax

x+Ax

ex
(++

N | =

I know that there is a reduced form but | can'tgjegmember that... Sum (continues writing

ex+Ax

19 1 ,¢€¥
191 (= 4+
=013 ( .

) Ax

x+Ax

If | was doing, | guess, twenty things | would dd.i9. One interval short so that this would be.two
Interviewer: What iSAX? AX is two?

RP 7: The upper bound of the interval.

Interviewer: What isAx in this setting2Ax you have there.



RP 7: ...Ax...For this it would be 0.1. 0.1-0.2, 0.2-0.3. Wa&it, I'm missing something. (Addsx term in the
expression above and makes it

Z % (67 +x+Ax)AX
Interviewer: So you just need to calculate this and that gitesarea right? That's what you are saying.
RP 7: That will give an approximation.
Interviewer: Okay, alright.
RP 7: Because it is going to be always positive. It $ti@heck for that but.

ex+Ax

Interviewer: And here we have integrfafl; dx and you are saying "The integral cannot beutaied by hand.

We could however use Taylor series to calculate wich would be an approximate solution." So ere¢h
anything you would want to add to this?

RP 8: Probably Riemann sum.

Interviewer: Okay, and is there any other method you recathfrmmerical methods?

RP 8: Trapezoid rule.

Interviewer: And here we have can you calculate this integrainfing to the integral given in the question),
given integral and would you prefer to find an apmate answer to this question and you are saying
"Approximate. It is very hard to calculate the edxsaution.”

RP 9: Yes.

Interviewer: What would you use to approximate it? Do you remay technique to be able to do so?

RP 9: I don't know, | might use a series or somethikg that. Yeah, I'd use like a Taylor series to uale
that, to approximate that.

Interviewer: And you are saying it is very hard to calculate éxact solution. Why?

RP 9: Because we learned that in the class...We ledhagdt is very hard to calculaixe and | remember that

Interviewer: What about calculus? ...if you use calculus, wowd gome up with the solution?
RP 9: You mean, like actually if | try to do it?

Interviewer: ... Yes

RP 9: Oh, yeah.

Interviewer: What would you use? Do you recall any method?

RP 9: For approximating it? Yeah, like Taylor seriesnding the exact solution?

Interviewer: ...Exact solution? Can you do that? Do you recall method?

RP 9: No | don't.

Interviewer: And here you are saying "approximate solutionthegiven integral "using a software that can
do that because an exact solution might take yda@culations and most likely there gonna be sonstake
that makes the solution incorrect.” So what do y@man by this?

RP 10: If you try to calculate it by hand it's gonna tdkeever and you might make calculation mistakes.
Interviewer: With the program or when you solve by hand...

RP 10: By hand.

Interviewer: ...okay.

RP 10: With the program the calculations will be fast axact.



Interviewer: Do you recall any method to be able to calcullais?t
RP 10: We took a lot of methods this semester.

Interviewer: Do you recall anything?

RP 10: The names?

Interviewer: Like...

RP 10: Taylor series, Newton's method, bisection method.

Interviewer: And here you are saying "No, I'd have to use nigakemethods." And | guess here you needed
to make the decision to be able to decide you kwbat you should do and which method would you usen f
numerical methods?

RP 11: ...probably trapezoid rule or I'm assuming | carbaitdly use some previous things that we were just
working on.

Interviewer: And can you calculate this by hand? Do you think easy to do that or is it possible?

RP 11: | believe that is impossible. Well, | don't knowaybe with what we just did, | don't know, but.

Interviewer: And here you are given integral-eécffrom 0.1 to 2. The question is saying would yoefer to

find an approximate answer for this integral or \dogou rather find the exact solution? And hered some
of the calculations you have, you are looking &t dlerivative of €times In(x) and you are trying to find a
solution. Were you able to find a solution basedhentechnique you know or techniques you know?

RP 13: ...Let me see if | messed it up since it being réedrby the camera. | don't see any mistakes rifht o
the bet. So it appears what | have down is an answerms of an infinite series. So you can truaedhat to
get the area. Series is probably conversing, sangeiimple to see, something | observed right lndf het.

Interviewer: ...here you are saying if you wanted to use thisgrdl you would approximate it.

RP 15: Yes.

Interviewer: How do you make that decision? How do you deciiesféich things?

RP 15: At first | just wasn't sure if you could, if it [gossible to that integration so then you wouldehtor
approximate it. And yeah...l wasn't sure, | could aggogram or a calculator. And | didn't know handb
it SO approximating is the only way to be able ¢t tis.

Interviewer: Okay, and when there is a given question likedbigou directly go for your calculator first and
see if it is really possible to solve it or do yase any calculus technique or any other programma#gtto
solve this problem, type of problem?

RP 15: When | was in calculus, when | was more familidhvit, | would probably be able to tell you ifvitas
integrable or not but now I'll probably just plugn really quickly and make sure.

Interviewer: And do you remember any technique to be ableltulzde this definite integral?

RP 15: ...I'l probably use, like, Riemann sums.

Interviewer: Okay. And here there is integral given...from O.:I21§xi and "It is not coming to me quickly.
Exact solution would be nice but approximate waorko what type of method would you use approximate
this integral?

RP 16: ...yeah, | don't know. Maybe some of the stuff warhed last semester but.



Interviewer: And does this function look like something thatiywould calculate by hand or does it look
simple or would you just?

RP 16: No it is not something that it would be simple.

Interviewer: Okay.

RP 16: Maybe they did it but I don't, it doesn't look gloo

Interviewer: ...can you calculate the integral, given in thissjiom and as | see you wrotéas a Taylor
series.
RP 17: Right.

Interviewer: And then you Wrotéx— as a power series. And then you are integrr%rrfg)m point one to two

by integrating each term | guess, right.

RP 17: Right.

Interviewer: And you are saying "l would like to solve this ettg but an approximation must be made." Why
"must be made"?

RP 17: So because you never going to be able to findyewaue starting here and going all the way to the
infinity. If you can't even do that, you can't fial the values here and certainly you can't aeédittogether.
At some point you are going to have to cut it efflanake an approximation.

Interviewer: ...can you calculate this with any method that ynaw theoretically instead of approximating
it?

RP 17: Not with any method that | can think of... There @bbk a method that | don't realize when | looked
at the problem but | can't think of any method.

The interview results indicated 11 out of 17 (646§ Jparticipants to be placed in the inter stagee fiajor
role of this classification was the “doubt” factbat the participants faced. Four out of 17 (23.bp&6ticipants
are classified to be in the intra stage. Two oftfigoarticipants (11.76%) placed in the Trans stagetheir
ability to implement series expansion solutionhiait responses.

Qualitative and Quantitative Data Analysis

Making the decision to solve a definite integrabetky or approximately can be a challenge for finste
Riemann integral learners. A conceptual cross @edbetween calculus and numerical methods/analysis
courses is approximation of definite integrals &ainot be determined exactly by using the existitegral
calculation methods. The realization of the neadafmumerical method/analysis concept after detengi
that the definite integral cannot be solved exasthnother conceptual challenge that student$acan In this
work, seventeen engineering and mathematics uratirgte and graduate students’ responses to ttechse
guestion

Q. Can you calculate the integrgi%dx? Would you prefer to find an approximate answettlics integral

or would you rather find the exact solution?



are evaluated by using a triad classification. Phdicipating students were either enrolled to ewently
completed a numerical methods or analysis couraegarticular semester at a large Midwest univweimsithe
United States. The purpose of the research questisnto understand how STEM majors decide to salve
definite integral question. The participants cortgdea series of pre-requisite calculus courseshitciwthe
guestionnaire concepts are covered. Pre- and pstdew responses of the participants to the rebea
guestion are evaluated and displayed in this wBdst-interview results are designed to have a rbette
understanding of the pre-interview (i.e. writtee$ponses of the participants. The interview resuodteated
64.71% of the participants to be classified atititer stage; 23.73% of the participants classifete in the
intra stage, and 11.76% to be classified in thendrstage. The following are observed by evaluatiey
interview and written data responses:

* Most of the participants who preferred to deternainexact solution to the research question atenpt
to find the solution by using an integration teciug called Integration by Parts method that is well
known in Calculus. Students concluded that integmahot be calculated precisely after implementing
several steps of Integral by Parts integrationriepke.

* Some of the participants made mistakes while tryandetermine a numerical solution to the question
by using an integration technique.

» Several of the participants concluded that thetsmiucannot be determined to the research question
without a justification.

* Majority of the participants who supported to detire an approximate solution to the question
supported the use of power series expansion ahtagrand after writing the Taylor series expansion
of the exponential function. These participantsroge/the integrand by using Taylor series’oéed
calculated the integral of the integrand term-byrtén its power series form.

* Some of the participants supported the use of tdolyy; these participants preferred to determine a
solution to the problem by using Matlab programmiargguage.

* Majority of the participants who supported to detigre the approximate solution of the integral also
supported the use of a numerical method to appratertihe solution but some of them did not recall
the names of the methods or how to apply them.

The analysis of the collected data indicates tleel o a better numerical method knowledge develoyized

an in-depth understanding of the error term catmiria as a part of the power series concept thrdegkloped
courses. Engineering and mathematics majors’ aecisiaking for solving an integral problem needgéo
improved and the use of technology appears to éeéatefor solving problems by the educators. Theriw
process indicated usefulness of a set of followgupstions for the solution of the research questiban
students were not capable of solving the quesiibis is due to the fact that students put more ghobinto
solving the research question when follow-up qoestiwere asked to solve the research question. An
interactive online platform can be developed fardsnts to solve problems in several steps; a sefies
interactive questions guiding towards the solutbithe questions can be implemented in an onlitienge
since such questions may not be possible to askglamritten exam. This could be also done inclhesroom



setting with students working in groups and/or gstechnology in an instructor-led setting. Students
awareness of numerical methods can be increasetibhy technology and graphing errors for numerical
calculations. Facilitation of the correct methodafgproach an integral can be customized by rulurgtioe
implementation of the known integral rules for cddting definite integrals. Online exercises canvbey
affective in learning numerical methods as longttes materials and the instructional methodology are
structured right.
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