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Success in several advanced STEM courses depestidents’ ability to understand and implement daku
concepts in different problem settings. Functioncapt in calculus is one of the pre-requisite cpts¢hat
students are expected to have a well-developed lkdge. In this work, students’ ability to answek-ifi-the-
blank calculus questions after observing a fun&igmaph are evaluated quantitatively and qualiédyi. The
main idea behind of this IRB (Institutional Revi®weard) approved research is to have a better utasheliag of
STEM majors’ missing conceptual calculus knowleflgebuilding a bridge between algebraic and geoimetr
representations of functions. Seventeen undergta@una graduate engineering and mathematics mayatsn
and transcribed video recorded responses are ¢sdlbg using Action-Process-Object-Schema (APO&)rth
The analysis of the data indicated Mathematics rmagniccess.

Key Words. APOS theory, Schema, Triad Classification, FumsjoDerivative, Limit, Asymptote, Critical
Points.

Introduction

The function concept is one of the important calsulopics that mathematics and engineering studaets
expected to know well. Subjects covered in singlgable calculus such as limit, derivative, intégaad power
series require function knowledge and the concéffination understanding would require knowledgéimit,
derivative, and asymptote concepts that take plaeelvanced level engineering and mathematics esuii®
the contrary of its’ importance, there is not mymdagogical attention given to understanding erging
majors’ function and calculus understanding inlifeeature. Several theories can be applied tostigate STEM
majors’ cognitive calculus ability; however, thets of this work will be schema classification loé ualitative
and quantitative responses to a research questaininvestigates limit, derivative, asymptote amrdivdhtive
knowledge of engineering and mathematics studéhtsresearch question and relevant literature @tged in
the next section while the information on particifs background, general research procedure anad Tri
classification of the research participants arda®red in the following sections. Mathematics andieeering
educators and researchers can benefit from the tlassification findings of this study by understang
students’ function graphing misconception.



Literature Review

Evaluating and measuring qualitative data for gitetnte outcomes is a challenge for pedagogicghpses.
Action-Process-Object-Schema (APOS) is a theomyhélps to extract quantitative results from qadivie data.
APOS theory is applied to analyze high school, vgp@eluate, and graduate students’ mathematics ptuate
knowledge of calculus by several researchers inlitemture. Conceptual knowledge construction ben
analyzed by categorizing the subjects in a calcotusept For instance, conceptual knowledge construction
of function graph sketching can be analyzed by tstdeding underlying subjects such as limit, deves, and
asymptotes. Similar to the present work, Tokgoz @udhlpad® and Tokg6# evaluated undergraduate and
graduate students’ ability to respond to functieiated questions by using APOS theory. Tokgtz amalt?
investigated undergraduate and graduate STEM maijoitgy to answer the following research question

Q. Please draw a graph of a function that verifiesfdhe given information below. Write the necagsvalues
on the coordinate axis.

im f (x) = 0, lim f(x) = 0,

Iim_gi f(x) = -0 Iim_z* f(x) = o,

Vertical asymptotes aa x = -3 and X = 2,
Horizontal asymptote a y = 0,

f'(-2) < 0, f'(1) < 0,

f'"(x) < 0 when X < -3,

f'"(x) >0 when X > 2,

f'"(c) = 0 for an x = c such that - 1< ¢ < 1.

A similar research question in the literature wasdito understand STEM undergraduate and gradwakenss’
ability to answer the following research questfon

Q. Please draw the graph #f(x) = -*-at (e) below by finding and applying each of thikofwing information if

x+1

they are applicable.

a) Vertical and horizontal asymptotes of f(x) and limg values of f(x) at the vertical asymptoteshéte exists
any vertical asymptote.
b) Local maximum, local minimum and inflection poirsf(x).

c) Intervals where f (x) is increasing and decreasing.
d) Intervals where f (x) is convex and concave.

e) Please draw the graph df(x) = -%; by using the information you have in parts (a), (b), and (d) if they

X+1
are applicable.
The written responses of the participants to tegearch question indicated misconceptions of diesivative,
second derivative and limit knowledge. Studentantered difficulty in determining the intervalsiotrease
and decrease, determining the horizontal asymjotiotiee function, and sketching the horizontal astpteon



the graph. The first derivative knowledge obseriete the major problem in answering the reseaudstipn
correct® based on participants’ qualitative and quantitatigsponse analysis.

Students’ ability to construct and develop two abke functions by using APOS theory appeared asniia
theme of several studié$?!® Students’ difficulty levels of determining the daim, range, and graphs of two
variable functions are observed by Kashefi éf @and sketching the 3D graph of functions reportetid the
most challenging task as a of the study that carelaged to many reasons. A comprehensive outlinde
literature on APOS theory can be found in the boplrnon et ak

APOS theory appeared to be inapplicable in vargtudies by some of the researchers for the analf$ie
collected data, therefore triad classification wasd® Intra, inter, and trans stages of triad clasdificaare
introduced by Piaget et &l.Baker et af. used triad classification to analyze students’anstinding of the
calculus concepts on a calculus graphing problesedan oral and written interview responses. Coetegl’
focused on the schema thematization with the inteexplore structures acquired at the most sdphtsd stages
of schema developmertlte design of the study required participants spoad to the ninth question only if the
first eight questions were successfully completéchema thematization was implemented as a resuheof
detailed analysis of the collected data on studesgponses to a complex graphing probfem.

Students’ difficulty in sketching the derivativeagh of a function is observed by Ferrini-Mundyletla their
study, many students first tried to find an alg&brapresentation of the given function. Aspinvedlal? focused
the research outcomes on a single student and udettlincorrect derivative images resulting in stusfe
incorrect analytical reasoning. Graduate and samaergraduate mathematics students’ weak ratéarige
knowledge is observed to cause weak understanditing integration concept by Thompstn.

Participants and the General Procedure

The participants of this qualitative and gitatitve study are 17 senior undergraduate and gitacdtiudents
majoring in mathematics or engineering who wer@kgut in either a numerical methods or a numeeallysis
course at a large mid-west university. All studecimpleted a multi-variable calculus course thatec® the
content of the given questionnaire. The data wlsated during a semester that one of the autlaoight a senior
level undergraduate Computer Science Numerical Miticourse. Computer Science undergraduate magoes w
required to complete this course as a part of thaliter Science Bachelor of Science degree. Diineagame
semester, the main author also graded a seniorgnad@ate/graduate level numerical analysis cooffeeed by
the Mathematics Department with students enroliechfscience, mathematics, and engineering diseipliBach
participant was required to complete a questioenaonsisting of various calculus questions befarmterview
to answer his/her written responses to the questiom questions. The interviews were video recotatl the
interview questions are specified according to wvayywritten responses of the participants. The toes
answered by the participants in this study wereégdes to observe participants’ ability to identiftervals of
increase-decrease, convexity, critical points,Zunial asymptotes and vertical asymptotes whemtéyegh of a
function is given. This problem aims to observeipgrants’ ability to read the graph of a functiand answer a



set of fill-in-the-blank calculus questions. Thebof the questionnaire and the interview questierie analyze
participants’ ability to respond to algebraic, atial and geometric function-related calculus guest The
research questions covered by Tokg6z and Gtiahpal TokgoZ are similar to the research question evaluated
in this work. The motivation behind this study i &nalyze conceptual calculus knowledge of several
undergraduate and graduate students. Student sesptima set of fill-in-the-blank questions arelyreal using

an approach similar to the research question iigatet by Baker et 4l.

Schema Classification

A Schema is an action which is repeated and cageberalized where the actions are derived fromosgns
motor intelligence (Piag&). The coordination of schemas forms actions whick logical structures.
Combination of systems and schemas can form thenszlfPiagéf). The similarity between the schemas in a
larger combination of schemas is similar to thdarsgtision in mathematics where subsets form theGmncept
knowledge can be formed in a larger combinatioscbiemas.

The schema classification of Baker et &.based on the following triad classification:

* The participant can be confused by the union arggction of other intervals but yet have the ghbib
answer questions regarding the independent inte(Uatra-Interval).

* The participant can answer questions regarding sutbydomains which consists of two or more intexval
but not the entire domain (Inter-Interval).

» The participant can answer questions regardingltiees domain (Trans-Interval).
» The participant can interpret every analytical grdypindependently one at a tirflatra-Property).

* The participant can interpret two or more analytraperties simultaneously but not all of themethger
(Inter-Property).

» The patrticipant can interpret all the analyticadpgerties simultaneously (Trans-Property).

The schema classification in this work is struatiiioy observing post interview student responses. ditta
collected in this study suggested following a samtheoretical triad classification to that of Bale¢ al* The
design of the question and detailed analysis optist interview student responses suggested alerektriad
classification:

Intra-level: Responses reflected only one analytical propeantyhe correct interval of independent intervals.
The responses in this category indicate mistakegppiication of two or more analytical propertiastwo or
more intervals.

Inter-level: Participants were able to apply one or more aitalyproperties on the correct interval, which may
consist of the combination of independent interviatsvever, the combination of these intervals duomsform
the entire domain. The responses in this categutigate application mistakes in only one analytpralperty on

a certain interval.



Trans-level: The participants in this category made no mistakbe application of the analytical properties
throughout the entire domain of the question.

For example, a participant is considered to beheintra-level if the second derivative and thengsipte
information are not applied correctly on two or mantervals. This is a result of the participamtsmfusion by
the union or intersection of other intervals arelféilure to interpret every analytical propertgependently one
at a time. If there is only one analytical propexpplication mistake, such as the first derivainfermation on a
certain interval that cannot consist of the unibmdependent intervals, then the response is oategl to be in
inter-level. The trans-level triad classificatierbiased on their ability to answer the questiorectlly in the entire
domain.

The Resear ch Question

The following research question in this sectiodesigned to observe the participants’ limit, asystgtand
derivative knowledge by reading the graph of a fiomc
Question: By using the graph

please answer the following questions. If the qoasdoes not have an answer please put an X ihdke

a. lim f(x)= , Iim f(x)= :
b. Vertical asymptote when x = :

c. Horizontal asymptote when vy = ;
d. If x=cisavertical asymptote then lim f(x)=__ and lim f(x)=__,
e. f"(x)<0Owhen x< ,

f.f"(x)>0when x> ,

g. Isthere any x=csuch that f"(c)=0 for —c<c<1?

h. f'(x) <Owhen x[O and f'(x)>0when x0

Participants were initially asked to explain theritten answers briefly to the question duringititerviews
and changed the written information if it appeaiete incorrect. If the participant had difficultydetermining
the right value while reading the graph, he/sheagked to check the corresponding values durinontbeview.



In the case when there was no response to a gartguestion during the interview, the participasats assumed
to lack knowledge of that concept. The followinguks are obtained from the written questionnamengers
and interviews.

Triad Classification

The following table displays the triad classificatiof the post data collection:

Triad Level Intra-Level Inter-Level Trans-Level
# of Students 2 6 9
Table 1: Triad classification of the participants

Intra-level classification in Table 1 is based lo@ &bility of the students to respond to the |emidl asymptote
guestions. Participants are assumed to be at tdwel@vel if they were able to combine domain asgnaptote
knowledge with the conceptual meaning of first dative based on part (h) of the question afteremtly
solving (a)-(d). Trans-level is determined by olisey participating students’ ability to combine sad
derivative, domain, asymptote, and inflection p&mbwledge in addition to correctly.

Asymptote and Limit Knowledge

Answers prior to the interview indicated 65% (13/%@dccess of the participants for parts (a) throfegh
29% (5/17) of the participants corrected their arswduring the interview. One of these five papacits,
Participant 2, had the correct answers for horedagymptote related questions but lacked in vadrisymptote
knowledge. Three of these participants showed bl their limit and the corresponding horizoraalymptote
knowledge. The following table summarizes the resps of the participants wheke indicates no response to
the question.

Pre-interview Responses Jim 1 (x) lim £ (x) V.A. H.A. lim f(x) limf(x)
Participant 2 o0 0 1 1.5 0 -00
Participant 4 1 2 1 1 0 -00
Participant 7 1 1 1 0.5 0 -00
Participant 15 X X 1 1 0 -00
Participant 9 0.5 0.5 -1 15 X X

Table 2: Limit, and vertical and horizontal asynipteesponses of some of the participants

Only one participant, participant 9, classifiediratsa-level, did not have the correct answers fo(@ but
had part (a) correct during the interview. All peigants had the right answer to part (a) of thesgjon after
the interview. All students except one, 94% (16/h&d the right answer to the limit and asymptatestjons

(b)-(d).



Derivative Knowledge

The most challenging part of the question deterthtnéoe (h): 41.18% of the participants were ablartswer
the question correctly, 41.18% of the participarasld not answer (h) during the interviews, andrést of the
participants corrected their responses duringriterviews. Two of the participants; Participantar@l 6, stated
that the function is decreasing for all real nursb&here the vertical asymptote at x = 1 is ignoRatdticipant 9
did not have an answer to the question. Threeen$thdents had the following responses after tieevilews.

Responses after the interview | f'(x) <0 when xO | f'(x) >0 when x[
Participant 2 (1) (-o0, 1)
Participant 5 [1, 5] [-5,1]
Participant 8 [Og0] [-o0, O]

Table 3: Some of the participants’ responses to (h)

88% (15 out of 17) of the participants had the edranswer to the second derivative related questio
information. Participant 17 responded to the qoestis X' indicating the question does not have an answer.
Participants 2, 4, 7-10, 12, and 15 had correctthngg the interviews to their responses. Paricip 1, 3, 6,
13, 16, and 17 had majority of the answers copgot to the interviews. Figures (1)-(6) displayszlow are the
responses of some of the participants before aedtak interviews.
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Participant 2 had hard time to respond to parti(lning the interview even after discussions.

Interviewer: ...First derivative is less than zero whea ., «) you said. What is the meaning of first
derivative being less than zero?

Participant 2: It means the slope of the tangent line is negavEjust showed it.

Interviewer: ...when the first derivative is bigger than zero wih@es that mean? You said infinity to one or
negative infinity to one.

Participant 2: | mean if you draw the tangent line here the slofpéis positive. (pointing the graph for
XE(-00,1).

Participants 7, 8, and 12 were able to correct tvaiten responses during the interviews. Majodfythe
participants made a connection to the functiontsaasing/decreasing properties on the corresporidiiegyals.
Another engineering graduate student also haccdiffi in answering (h):
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Participant 8 had the right conceptual knowledgehaal the wrong application of the theory:
Participant 8: ...f"(x)<0 when x<1. And writes'{x)>0 when x>1.

Interviewer: ...would there be anything that you could changetas the answers you have here? For
example would you change part d or would it rensaime?

Participant 8: | would change the signs (pointing (d)) If x=aisertical asymptote then limf(x)s, limf(x)= -
o)

Interviewer: You would change the signs? ...part h. First defreas less than zero when x is element of zero,
infinity you said. What is the meaning of first detive less than zero?

Participant 8: (Looks at the previous page) It has to do witlpslo

Interviewer: Is it increasing or decreasing for the given fiorc?

Participant 8: First derivative less than zero...Decreasing.

Interviewer: ...So is this function always decreasing or is tleepgace where it is increasing?

Participant 8: When x is less than zero the first derivativeasréasing and when x is greater than zero then it
is increasing (pointing the derivative).

General Results& Conclusion

In this study, the conceptual calculus knogkedf engineering and mathematics undergraduatgraddiate
students who were either enrolled in or had coredlet numerical methods or numerical analysis coatrse
large mid-west university is observed. This stuslgésigned to advance the work of Baker étaaid Cooley et
al.” The results presented here give an insight abauté¥ical Methods/Analysis enrolled students’ susdas
answering fill-in-the-blank questions after readihg graph of a function.

Analysis of the pre-interview data indicatedenof the participants did not have the correstaaar to the first
derivative question, but four of them correctedrth@swers during the interview. Prior to the intew, eleven
of the participants had the correct asymptote andihg value answers to the related questions @mlg one
participant did not have the correct answer after interviews. 53% (9/17) of the participants sedesl in
displaying a reasonable understanding of the ozlakiip between the derivative and the slope ofethgent line;
an observation similar to that of Asiala et al.

The first derivative knowledge of the students’ eged to be the major problem in answering therfithe-
blank questions. Thompstrobserved that the concept of rate of change éctife on students’ ability to solve
integral question. In this study, similar to Thomp's'’ results, the lack of first derivative knowledgetbé
participants observed to be affecting students’cion graph knowledge. Cooley et ‘ahad a schema
thematization in their study; however, becausdefdomplexity of the collected data, a schema thieataon is
not possible for this study.



In conclusion, post-interview triad classificatiohthe research question indicated trans-levelsdiaation
for most of the participants, and either intrairder-level classification of the rest of other gg@pants. Trans-
level categorization for most of the participastaot surprising for engineering and mathematigeraavho are
expected to have a well-developed background imemaatics. The participants who made mistakes beiiote
after the interviews to answer (a)-(h) did not hhweéstic success. Furthermore investigation oneustéinding
undergraduate and graduate engineering and matiesmejors’ conceptual function knowledge is neagss
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